Composite materials reinforced by micro particles are one of the topics of interest of researchers. Properties of fiber composites reinforced by long fibers significantly depend on the selection of fiber and matrix. By increasing length of fibers, the reinforcement is more effective at load carrying. In this paper the Method of Continuous Source Functions (MCSF) and Trefftz Radial Basis Functions (TRBF) will be presented. They are boundary meshless methods which do not need any mesh. The TRBF are source functions having their source points outside the domain. Special attention will be given to the application of the TRBF in the form of dipoles to the simulation of composites reinforced by fibres of finite length with large aspect ratio. In linear problems, only nodes on the domain boundaries and a set of source functions in points outside the domain are necessary to satisfy boundary conditions. Finally we will show MCSF to modelling of reinforced composites with glass fiber and epoxy matrix. For the sake of simplicity we consider only a patch of non-overlaying rows of fibers.
Introduction
Composite materials are now common engineering materials used in a wide range of applications. They play an important role in the aviation, aerospace and automotive industry, and are also used in the construction of ships, submarines, nuclear and chemical facilities, etc.
Composites are one of the biggest material inventions of the 20-th century. Composites with the highest stiffness and strength have continuous (glass, carbon, Kevlar or aramid) fibers embedded in thermoset (polyester or epoxy) matrix. Fibers carry mechanical load, matrix transmits load to the fibers, insures ductility and toughness, and protect the fibers against damage caused by manipulation or surroundings. The material of matrix defines the working temperature and manufacturing conditions.
Composite material is a material composed of two or more distinct phases (matrix phase and dispersed phase) and having bulk properties significantly different from those of any of the constituents. Composites can be considered as homogeneous at the macro-scale, but they are heterogeneous at micro-scale, i.e. at the scale comparable with geometrical sizes of the constituents. Properties of composites depend on the properties of the constituent phases, their geometry and relative amounts.
Unidirectional composites reinforced by long fibers are one kind of multicomponent composites. They can be considered as orthotropic and it is not necessary to perform homogenization in structural analysis. If multidirectional fiber-reinforced composites are analyzed, it is necessary to perform homogenization in order to calculate the components of the constitutive matrix, or tensor [3, 4] , which are required for further analysis of composite structures, for example damage and failure of composite structures.
GFRP composites are the cheapest and the most widely used [5] . One of the latest innovations is to use thermoplastics as a material for matrix production in the form of woven fabric from low-priced polypropylene and glass fibers, which can be thermoformed (melted polypropylene) or expensive high-temperature thermoplastic, e.g. PEEK, which provides better hightemperature resistance and toughness to the composite. Continuous fibers are used for higher loads in GFRP composites. Short glass fibers are cheaper and are used in higher volumes. GFRP composites are used in printed circuit boards, foremasts, bodies and interior panels of cars, household appliances, furniture and armatures.
Properties of fiber composites reinforced by long fibers significantly depend on the selection of fiber and matrix and way of how they are combined, fiber volume fraction, fiber length, fiber orientation, laminate thickness and presence of bond medium for improvement of fiber-matrix bond. Glass fibers have high strength at low costs; carbon fibers have very high strength, stiffness and low density. Kevlar fibers have high strength and low density, they prevent spreading of fire and they are penetrable by radio waves. Polyesters are the most often used matrices, because they offer good properties at relatively low costs. The best properties of epoxies and application of polyamides at temperatures predestinate them to special using, but they are expensive. Strength of composites increases by higher fiber volume fraction and fiber orientation parallel to load direction. By increasing length of fibers, the reinforcement is more effective at load carrying.
Shorter fibers are better for manufacturing and less expensive. The increase of laminate thickness leads to the reduction of composite strength and strength modulus, because of presence of defects. Influence of surroundings, like fatigue loading, humidity and temperature, decrease allowed strength.
Fiber-reinforced composites cover wide range of composite materials and structures such as laminated panels of unidirectional plies [6] , sandwich structures with fiber-reinforced composite skins and flexible core, and fiber-metal laminates (FML). Although glass and carbon fibers are relatively common, polymer, metal and ceramic fibers are being used as reinforcement phase in specific applications. Fiber-reinforced polymer (FRP) matrix composites offer an alternate replacement material to high-strength metals.
Glass fibers fall into two categories: low-cost general-purpose fibers and premium special-purpose fibers. Over 90 % of all glass fibers are general-purpose products. These fibers are known by the designation E-glass. The remaining glass fibers are premium special-purpose products. Special-purpose fibers, which are of commercial significance in the market today, include glass fibers with high corrosion resistance (ECR-glass), high strength (S-, R-, and T E-glass), with low dielectric constants (D-glass), high-strength fibers, and pure silica or quartz fibers, which can be used at ultrahigh temperatures. These fibers are discussed in [8] . Table 1 provides properties of commercial glass fibers. The present work will use the method of continuous source functions (MCSF) and will show how the Trefftz Radial Basis Functions (TRBF), i.e. RBF, satisfying the governing equations (which can be the fundamental solutions, or more general functions, dipoles, dislocations, etc.) can be used to increase the efficiency of simulations composites reinforced by fibers [10, 11] . The most efficient methods will be those which will approximate both domain variables and boundary conditions best. The TRBF are source functions having their source points outside the domain. Special attention will be given to the application of the TRBF in the form of dipoles to the simulation of composites reinforced by fibers with large aspect ratio (AR). Compared to the Method of Fundamental Solutions MFS [12, 13] which does not require any integration, the MCSF requires integration along 1D and 2D element. The integrals are quasi-singular and quasi-hyper-singular and the numerical integration is computationally cumbersome and inefficient. The analytic integration using symbolic manipulation is a very efficient tool used in the models. A relatively small number (usually fewer than 10) of elements in a fiber is necessary to obtain a good accuracy also with a large AR (e.g. 1: 100). The proposed method is not fully meshless for these particular models as it requires 1D elements outside the 3D matrix domain, However, the model presents a significant reduction (even by several orders) of the resultant system of equations comparing to FEM, BEM, or other known meshless methods and can be qualified as a Mesh Reducing Method (MRM).
Numerical micromechanical models
Direct numerical analysis of the material behaviour, which takes into account both macroscopic boundary conditions and micro-geometries, would require very large computational resources. To overcome this problem, several strategies are employed:
• Multi-scale modeling: the material behaviour is modeled at the scale levels of both microstructures and the sample; the lower scale model is subjected to the boundary conditions, acting on the macro-model, while the mechanical behaviour of the material in the macro-model is determined taking into account finer micro-scale features incorporated into the micro-model. In the simplest models, upper scale-lower scale relationships are one-sided, while more sophisticated models allow simultaneous global-local analysis at several levels.
• Homogenization and averaging of properties and micro-fields: the material is considered as a homogeneous equivalent medium at the macro-level, and the effective properties of the medium are determined on the basis of the analysis of the microstructure, micro-geometry and properties of the materials.
Some analytical and numerical techniques have been used for prediction and characterization of composite microstructure behaviour. Analytical methods provide reasonable prediction for relatively simple configurations of the phases. Complicated geometries, loading conditions and material properties often do not yield analytical solutions, due to complexity and number of equations. In this case, numerical methods are used for approximated solutions, but they still make some simplifying assumptions about the microstructures of heterogeneous multiphase materials. One of such methods is the finite element method (FEM) [18] . Computational simulations can help in the understanding, analyzing and designing of fiber-reinforced composite materials (FRCM). Among the existing of FEM, boundary element method (BEM) [19] and various meshless methods [20, 21] can be used for simulating behavior of the FRCM. However, these classical numerical methods are suitable for the lowest scale simulation only. It is worth noting that in FRCM with short fibers the fiber aspect ratio (length to diameter) of short fibers is often 100, 1000, or even larger, which results in very large gradients in strain and stress fields along fibers and in matrix. FEM is an alternative approach to solving the governing equations of a structural problem. In the FEM the equations are formulated for each finite element and assembled in order to obtain a solution for the whole body instead of solving a uniform mathematical problem for the entire body. This method involves modeling the structure, using interconnected elements called finite elements, consisting of interconnected nodes and/or boundary lines and/or surfaces that are directly or indirectly linked with other elements via interfaces. Each finite element has an assumed displacement field. FEM requires selection of appropriate elements of suitable size and distribution (the FEM mesh).
Displacement function and material properties are associated with each finite element. Boundary conditions and loading define behaviour of each node and these are expressed in matrix notations. FEM combines a model in the form of microstructures with fundamental material properties such as elastic modulus or coefficient of thermal expansion of constitutive phases as a basis for understanding material behaviour. Solutions are stress and strain data for each node in the system and they are summarized according to usual criteria. It is well known that using FEM hundreds of elements are necessary to achieve required accuracy even for simple problem [22] where 50 000 to 100 000 trilinear elements were used for problem containing one spherical particle in the matrix. All the methods mentioned above require millions or even billions of equations after numerical discretization to obtain a sufficiently accurate solution of this kind of computer simulation problem.
Method of Continuous Source Functions (MCSF)
A composite material with micro/nano structure with regularly distributed reinforcing fibers of unique dimension is to be modelled. Due to very small dimension of particles, stress and strain field can be considered to be homogeneous in the whole domain and all stresses and strains can be imagined as a part on the constant part, which introduces the state of the matrix without stiffening and the local part, due to stiffening effect by the fibers.
Let's assume that cross sectional dimensions of fiber are much smaller than its length, tensional stiffness of fiber is much higher than stiffness of matrix, fiber is straight and ideal cohesion forces are assumed in the present model. Then the action of the fiber can be introduced by zero strains in longitudinal direction of fiber boundary and zero difference of displacements in directions perpendicular to the fiber axis. AR (length to radius) of fiber is considered to be very large (100:1, 1000:1 in examples used here).
Because of large aspect ratio, continuity of strains between matrix and fiber along the fiber axis can be simulated by continuously distributed source functions (forces, dipoles, dislocations, etc.) [23, 24] as they are known from the potential theory (Fig.1) . Continuous source functions enable to simulate the continuity conditions with much reduced collocation points along the fiber boundary. All displacement, strain and stress fields will be split into homogeneous part corresponding to constant stress-strain in matrix without the reinforcement. For simplicity an isotropic material properties are assumed in this paper.
Field of displacements in elastic continuum caused by unit force acting in direction of the axis p x is given by Kelvin
where i denotes the i x coordinate of displacement, G and ν are shear modulus and Poisson's ratio of material of the matrix (isotropic material is considered here), r is the distance between the source point s, where the force is acting with the field point t, where the displacement is introduced, i.e.
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The summation convection over repeated indices acts and
is the directional derivative of the radius vector r. Gradients of displacement fields are corresponding derivatives of the field in Eq. (1) 
The second derivative of the radius vector of n-th power is ( ) ( )
Strains are ( ) ( )
and the ij stress components of this field are
where ij δ is the Kronecker delta.
The displacement field of dipole can be obtained from the displacement field caused by the force by differentiating it in the direction of the acting force, i.e.
The summation convection does not act over the repeated indices p here and in the following relations, too. Gradients of the displacement field are 
and corresponding strain and stress fields are ( ) 
The displacements, Eq. (1), caused by force are weak singular, the displacement gradients, strains and stresses are strong singular. Fields defined by dipole have one order higher singularity (strong singularity in the displacement field and hypersingularities in the strain and stress fields). The derivatives in perpendicular direction to the force define the force couple [25] . The displacement field for the couple is
and corresponding strain and stress fields are The RBF can be also used for simulation of the interaction between matrix and particles with very large aspect ratio such as composites reinforced by short fibers where the aspect ratio can be 1000:1 or even larger. The inter-domain boundary conditions can be simulated by 1D distribution of TRBF (source functions) along the fiber axis. When TRBF are approximated by polynomials then the problems lead to evaluation of the following integrals (15) where x is the coordinate along the fiber axis, the subscripts s and f denote the source and the field point and exponents are integer numbers and y is the distance of the field point from the source point. For computational purpose the integral in Eq. (15) Numerical integration of such integrals would be computationally very laborious because of quasi-singularities and quasi-hyper-singularities in the integrals. However, analytical calculation of integrals containing the kernel function and polynomial approximation of unknown function is very elegant way of numerical calculation of the integrals, if the axis of fiber is straight, i.e. the value of y is constant in the integrals above.
Fiber-matrix interaction and failure criteria
When a particle reinforced composite is subjected to mechanical load, the entire load is carried initially by the matrix. The matrix is deformed, and its elastic deformation and plastic flow lead to load transfer to the particles. The extreme shear forces between fiber and matrix can lead to de-bonding or to de-cohesion and in the end parts and also in the middle of the fiber close to another fiber in materials reinforced with fibers or nanotubes, which are typical and very efficient novel reinforcing materials. This middle part of the fiber will carry the largest forces, which can lead to its fracture. The main mechanisms of the influence of the particles on the deformation of particle reinforced composites are load transfer (i.e. the matrix transfers some of the applied stress to the particles, which carry a part of the load), and constraining the matrix deformation by the particles [26] .
The basic assumptions in unidirectional lamina owing to the tensile and compressive loadings are [27] :
• Fibers are uniformly distributed throughout the matrix.
• Perfect bonding exists between fibers and matrix.
• Matrix is free of voids.
• Applied force is either parallel to or normal to the fiber direction.
• Lamina is initially in stress-free state (i.e., no residual stresses are present in the fibers and in the matrix).
• Both fibers and matrix behave as linearly elastic materials.
Tensile load applied to discontinuous fibrous lamina is transferred to the fibers by a shearing mechanism between fibers and matrix. Micromechanical models are based on the microstructure and mechanical characteristics of the constituents (fibers and matrix) of the composite. These models are used to predict effective mechanical properties of the composite and provide the insight into the contributions of each constituent to properties and interactions between fibers and matrix. However, in mechanical analysis of composite structures, microscopic models may require expensive computations and are hampered by insufficient data of the constituents [5] . Also, for such analysis, it is important to insure that the model employed can adequately describe the macroscopic behavior of the composite. Therefore, macroscopic models of the composite are generally considered to be more suitable and preferable than microscopic models for structural analysis.
For unidirectional discontinuous fibers tensile load is transferred to the fibers by shearing mechanism between fibers and matrix. Since the matrix has lower modulus, the longitudinal strain in the matrix is higher than that in adjacent fibers. If a perfect bond is assumed between two constituents, the difference in longitudinal strains creates a shear stress distribution across the fiber-matrix interface. Ignoring the stress transfer at the fiber end cross sections and the interaction between the neighboring fibers, we can calculate the normal stress distribution in discontinuous fiber by a simple force equilibrium analysis [25] . Then the maximum fiber stress that can be achieved at a given load is
From (17) for a given fiber diameter and fiber-matrix interfacial condition, the critical fiber length L c is calculated Note that for determining the fiber-matrix interfacial shear strength i a single fiber fragmentation test is used, which is based on the observation that fibers will not break if their length is less than the critical value. In our case we use results from numerical simulation by MCSF for determining i .
Direct application of MCSF to design of GFRP composite
In this example, we show how the above results can be used for designing GFRP composite with short fibers. For the sake of simplicity we consider only a patch of non-overlaying rows of fibers. Material properties of GFRP composite are listed in Table 2 . In this example the maximum elastic modulus of the epoxy matrix was selected as E= 4000 MPa and Poisson's ratio = 0.35. The matrix was reinforced by a patch of straight rigid cylindrical fibers. The length of fibers was L= 1 mm and the radius R= 0.009 mm. The distance between fibers was 1 = 2 = 3 =0,144 mm. The patches of fibers consisted of 10 x 10 x 5 fibers in the presented examples. The domain is supposed to be loaded by far field stress 33 = 10 MPa in the (x 3 )-direction. The strains along the fiber and in plane perpendicular to the fiber are plotted in Fig. 3 and Fig. 4 . From these figures we can see that maximum value of strain along the fiber is approximately 33 = -0.125 and maximum absolute value of strain in plane perpendicular to the fiber is approximately 11 = 22 = -7.0e-03. The stresses along the fiber and in plane perpendicular to the fiber are plotted in Fig. 5 and Fig. 6 . From these figures we can see that maximum value of stress along the fiber is approximately 11 = -350 MPa and in plane perpendicular to the fiber 22 = -19 MPa. The shear stresses along the fiber and in plane perpendicular to the fiber are plotted in Fig. 7 and Fig. 8 . From these figures we can see that maximum value of shear stress along the fiber is approximately 31 = 23 = -400 MPa and in plane perpendicular to the fiber is approximately 12 = -90 MPa. From shear stress along the fiber and using equation (17) fig.7) and fu is taken from table 2. From the result we can see that f L c L , the maximum fiber stress may reach the ultimate fiber strength over much of its length. However, over a distance equal to 2 c L from each end, the fiber remains less effective. We note on the basis of [25] that for effective fiber reinforcement, i.e. for using the fiber due to its potential strength, one must select f L c L . This is fulfilled in our case. 
Conclusion
In the first part of this chapter the formulations based on the MCFS and the RBF for analysis of an elastic medium containing stiff reinforcing fibers are applied. The MCSF enables to simulate both the interaction of matrix with these fibers and the fiber with other fibers very effectively. In the example, we showed how MCFS can be used for designing GFRP composite with short fibers. For the sake of simplicity we considered only a patch of non-overlaying rows of fibers. From the results we can see that fiber length is much greater than the critical length, so the maximum fiber stress may reach the ultimate fiber strength over much of its length. Optimal aspect ratio of fibers can be found for specific working stress/strain conditions in each part of structure. This is another attractive property of this kind of composite materials. Main advantage of the MCFS is the fact that numerical models used for simulation of all matrix-fiber and fiber-fiber interactions have to keep the gradients in order to correctly estimate the interactions. FEM can smooth out the gradients and so very fine meshes would be necessary for numerical models.
